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Black swans are improbable events that nonetheless occur—often
with profound consequences. Such events drive important transi-
tions in social systems (e.g., banking collapses) and physical sys-
tems (e.g., earthquakes), and yet it remains unclear the extent
to which ecological population numbers buffer or suffer from
such extremes. Here, we estimate the prevalence and direction of
black-swan events (heavy-tailed process noise) in 609 animal pop-
ulations after accounting for population dynamics (productivity,
density dependence, and typical stochasticity). We find strong evi-
dence for black-swan events in ∼4% of populations. These events
occur most frequently for birds (7%), mammals (5%), and insects
(3%) and are not explained by any life-history covariates but tend
to be driven by external perturbations such as climate, severe win-
ters, predators, parasites, or the combined effect of multiple fac-
tors. Black-swan events manifest primarily as population die-offs
and crashes (86%) rather than unexpected increases, and ignor-
ing heavy-tailed process noise leads to an underestimate in the
magnitude of population crashes. We suggest modelers consider
heavy-tailed, downward-skewed probability distributions, such
as the skewed Student t used here, when making forecasts of
population abundance. Our results demonstrate the importance
of both modeling heavy-tailed downward events in populations,
and developing conservation strategies that are robust to ecolog-
ical surprises.

mass mortality | ecological surprises | population dynamics | die-offs |
ecological risk

Major surprises (black-swan events) happen more often than
expected in financial, social, and natural systems (1–5).

Massive unpredictable market swings are responsible for the
majority of financial gains and losses (3), fatalities from the
largest wars dwarf those from all others (6), and the frequency of
the most damaging earthquakes has exceeded past expectations
(5). In ecological systems, background rates of global extinction
are punctuated by mass extinction (7), evolution is character-
ized by long periods of stasis interrupted by bursts of speciation
(8), and billions of animals can die at once in mass mortality
events (9).

Indeed, such die-offs may be the most important element affect-
ing population persistence (10) and their importance is likely to
increase given projected increases in the frequency and magni-
tude of climate-related extremes (11). However, the overwhelm-
ing majority of population model-fitting and risk-forecasting
assumes that deviations from model predictions can be repre-
sented by a normal distribution [on a log scale (e.g., refs. 12 and
13)]. If black swans occur, however, a normal distribution would
underestimate the probability of extreme events occurring (3).

Whereas there are many reports of black-swan events, only
a flexible comparative approach consistently applied to a large
number of time series can yield insights into the frequency,
strength, and correlates of such events. We are unaware of
such a comparative analysis. Previous comparative analyses fit-
ting heavy-tailed distributions (distributions with higher proba-
bilities of extreme events than the normal distribution) to time
series have not accounted for an underlying population dynamics
model (14–17). Alternatively, most examples of population die-
offs come from identifying sudden changes in abundance that

exceed a chosen threshold of decline (9, 18–20). However, this
approach does not distinguish events from expected dynamics.
For instance, the range of natural variability can differ dramati-
cally across taxa.

Here, we develop an approach to estimate the frequency and
magnitude of black-swan dynamics across time series of 609 pop-
ulations from a wide array of taxonomic groups—including many
birds, mammals, insects, and fishes (SI Appendix, Table S1).
We identify characteristics of time series or life-history traits
associated with the detection of black-swan events and verify
known causes. We develop a framework for identifying heavy-
tailed (black-swan) process noise in population dynamics. We
test whether the largest stochastic jumps in log abundance from
one time step to the next are more extreme than typically seen
with a normal distribution. Our framework allows for a range of
population dynamic models, can incorporate observation uncer-
tainty and skewness in process noise, and can be readily applied
to abundance time series.

We fit population dynamics models in which the process noise
is drawn from a Student t distribution. By estimating the degrees
of freedom parameter, ν, we can estimate the extent to which the
process deviations have heavy tails and are therefore diagnostic
of black-swan events (Fig. 1). Lower values of ν result in heavy-
tailed distributions. For example, an event four SDs below the
mean is expected to happen once every 35 y with a t distribution
at ν=2 compared with once every 32,000 y with a normal dis-
tribution. As ν approaches infinity, the t distribution approaches
the normal distribution (Fig. 1).

Significance

Black swans—statistically improbable events with profound
consequences—happen more often than expected in finan-
cial, social, and natural systems. Our work demonstrates the
rare but systematic presence of black-swan events in animal
populations around the world (mostly birds, mammals, and
insects). These events are predominantly downward, imply-
ing that unexpected population crashes occur more frequently
than increases. Black-swan events are not driven by life his-
tory (e.g., lifespan) but by external causes such as extreme
winters and disease. Ignoring the presence of downward
black swans may severely underestimate extinction risk in ani-
mal populations, particularly under a changing climate, where
such extreme events are expected to increase in frequency and
magnitude.
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Fig. 1. Illustration of population dynamic models that allow for heavy tails. (A and B) Probability density for the Student t distribution with scale parameter
of 1 and different values of ν. Small values of ν create heavy tails, whereas as ν approaches infinity, the distribution approaches the normal distribution.
(C–E) Simulated population dynamics from a Gompertz model with process noise drawn from Student t distributions with three values of ν. Colored dots in
C and D represent jumps with less than a 1 in 1,000 chance of occurring in a normal distribution. (F–H) Estimates of ν from models fit to the times series in
C–E. Shown are posterior samples (histograms), median and interquartile range of the posterior (IQR) (dots and line segments), and the exponential prior
on ν (dashed lines). Color shading in F–H illustrates the approximate region of heavy tails.

Results
We detected black-swan dynamics most frequently for birds
(7%), mammals (5%), and insects (3%) but almost never in
fishes (Fig. 2). Black-swan events were taxonomically widespread,
occurring in 38% of taxonomic orders. Accounting for time-
series length and partially pooling inference across taxonomic
class and order with a hierarchical model, we found stronger evi-
dence for black swans in insect populations than these statistics
suggest—two of five orders with the highest median probability
of heavy tails were insect orders (Fig. 3A).

The majority of our heavy-tailed estimates were robust to
alternative population models, observation error, and choice of
Bayesian priors (SI Appendix). Our conclusions were not system-
atically altered when we included autocorrelation in the resid-
uals, modeled population growth rates with or without density
dependence, or modeled the population dynamics as Ricker-
logistic instead of Gompertz (SI Appendix, Fig. S1). Similarly,
introducing moderate observation error (coefficient of varia-
tion = 0.2) only slightly decreased the estimated prevalence of
black-swan events (SI Appendix, Fig. S1), and the strength of the
prior on ν had little influence on estimates of black-swan dynam-
ics (SI Appendix, Fig. S2). Finally, our simulation testing shows
that, if anything, our models underpredict the true magnitude
and probability of heavy-tailed events—especially given that the
time series are relatively short, with a median of only 26 y in our
analysis (SI Appendix, Fig. S3 and S4).

For model fits to the population data, the probability of detect-
ing black-swan dynamics was positively related to time-series
length and negatively related to magnitude of process noise but
not clearly related to population growth rate, density depen-
dence, or maximum lifespan (Fig. 3B and SI Appendix, Fig. S5).
Longer time-series length was the strongest covariate of observ-
ing black-swan dynamics: there is a 1.5-times greater probability
of detecting a black-swan event in populations with 60 time steps
than in one with 30 time steps (SI Appendix, Fig. S5).

The majority of black-swan events (86%) were downward
(die-offs) rather than upward (unexpectedly rapid abundance
increases). Of the black-swan events with published explana-
tions (SI Appendix, Table S2), the majority involved a combina-
tion of factors. For example, a synchronization of environmental-
and predation-mediated population cycles is thought to have
caused a downward black-swan event for a water vole (Arvicola

amphibius) population (21). Other black swans were the result of
a sequence of extreme climate events on their own. For instance,
severe winters in 1929, 1940–1942, and 1962–1963 were associ-
ated with black-swan downswings in gray herons (Ardea cinerea)
in the United Kingdom (22) (Fig. 4C). Our analysis finds that the
last event was a combination of two heavy-tailed events in a row
and that the population took three times longer to recover than
predicted (22). Downward black swans were sometimes followed
by upward black swans. For example, during a period of popu-
lation crowding and nest shortages, a population of European
shag cormorants (Phalacrocorax aristotelis) on the Farne Islands,
United Kingdom, declined suddenly following a red tide event
in 1968 (23). This population decline freed up quality nest sites
for first-time breeders, productivity increased, and the popula-
tion experienced a rapid upswing in abundance (23).

Given the prevalence of downward events, we refit our heavy-
tailed models to measure the degree of skewness γ of the pro-
cess noise using a skew-t distribution (Fig. 4A) and used these
models to make near-term risk forecasts. Aggregated across pop-
ulations with strong evidence of heavy tails (median ν < 10),
86% of the γ probability density was below 1, indicating strong
evidence of downwardly skewed process noise (Fig. 4B and SI
Appendix, Fig. S6). In contrast, populations that did not have
heavy tails (median ν≥ 70) had little evidence of skewed pro-
cess noise (Fig. 4B; 89% of 95% credible intervals overlapped 1).
Projecting these heavy-tailed populations forward 5 y revealed
that assuming standard normal process noise underestimated
risk (99% lower credible interval of abundance) by 1.2– to 1.9-
fold (interquartile range; Fig. 4C and SI Appendix, Fig. S7).

Discussion
We systematically evaluated the prevalence of black-swan
events in hundreds of animal populations. We find strong
evidence for the occurrence of black-swan events in ani-
mal populations. Black-swan population crashes are substan-
tially more frequent than black-swan population increases
and are usually driven by external events such as weather
and disease. Thus, our analysis provides strong evidence for
downward-skewed heavy-tailed events in abundance time series
of higher taxa, and ignoring these events will tend to under-
estimate the risk of population declines. Next, we consider
(i) the possible mechanisms underlying black-swan events,
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Fig. 2. Estimates of population dynamic heavy-tailedness for populations
of birds, mammals, insects, and fishes. (A–D) Small values of ν suggest heavy-
tailed black-swan dynamics. Vertical points and line segments represent pos-
terior medians and 50%/90% credible intervals for individual populations.
Inset plots show probability that ν < 10 for populations arranged by taxo-
nomicorderandsortedbydecreasingmeanPr(ν < 10).Taxonomicorderswith
three or fewer populations in A are omitted for space. Red to yellow points
highlight populations with a high to moderately high probability of heavy-
tailed dynamics. Silhouettes in A–C from phylopic.org; credits in SI Appendix.

(ii) caveats to our findings, (iii) the consequences of our
findings for making risk forecasts, and (iv) for managing natural
resources.

There are many possible causes of black-swan events, includ-
ing unmodeled intrinsic properties of populations or extrin-
sic forces acting on populations. For example, we could have
observed black-swan dynamics if we missed an underlying mix-
ture of processes, because a mixture of normal distributions with
different variances can generate a t distribution with heavy tails
(24). In ecology, these processes could arise through an aggre-
gation of populations across space, population diversity (25), or
an intrinsic change in population variability through time (26).
Extrinsic ecological forces could also cause black-swan dynam-
ics (27) including extreme climate events (11, 28, 29), preda-
tion from (or competition with) other species experiencing black-
swan events, or sharp changes in human pressures such as fishing
or habitat destruction. Alternatively, the synchrony of multiple
extrinsic forces could give rise to black-swan dynamics through
synergistic interactions (30) or a rare alignment of nonsynergis-
tic forces (31). The prevalence of population die-offs rather than
unexpected increases is likely due to biology: there is no limit to
how fast a population can decline due to a catastrophe, but pop-
ulation increases are constrained by the maximum biological rate
of increase for a given set of demographic traits (e.g., population
birth rate, mortality, and age at maturity).

There are a number of caveats when considering the gen-
erality of our results. First, the Global Population Dynamics
Database (GPDD) [Version 2 (2010); Natural Environment
Research Council Centre for Population Biology, Imperial Col-
lege London] that we used represents a taxonomically and geo-
graphically biased sample of populations—the longer time series
we focused on are dominated by commercially and recreation-
ally important species and a disproportionate number of popu-
lations are located in the United Kingdom. Although we would
expect to find qualitatively similar evidence for black swans in
other large taxonomic or geographic samples of populations, the
common forces driving those black swans would likely differ. Sec-
ond, some apparent black-swan events could be recording mis-
takes, although conversely, some extreme observations may have
been discarded or altered if they were erroneously suspected
of being recording mistakes. Indeed, we discarded three of the
populations that our method initially identified as heavy-tailed
because they turned out to be data-entry errors (SI Appendix).
Third, the temporal scales of observation and population dynam-
ics vary considerably across populations in the GPDD, and these
likely influence the detection of heavy tails. For example, if we
make frequent observations relative to generation time (e.g., for
many large-bodied mammals), we will average across generations
and perhaps miss black-swan events. Conversely, if we census
populations infrequently relative to generation time (e.g., many
insects in the GPDD), the recorded data may average across
extreme and less-extreme events and also dampen black-swan
dynamics. Finally, our models assume that the fitted parame-
ters (e.g., productivity and density dependence) do not vary over
time. Allowing for time-varying parameters could be an impor-
tant development for understanding the dynamics of longer time
series.

Given our results, we suggest modelers should routinely con-
sider representing population dynamic process noise with a
heavy-tailed, and possibly downward-skewed, distribution, espe-
cially when making forecasts to evaluate risk. However, what
heavy-tailed distribution should one pick and how heavy-tailed
should it be? This is an open research question. The exact shape
of the tails has proven important in the field of dispersal biol-
ogy (32, 33). Answers for the field of population dynamics might
come from simulation analyses exploring the implications of tail
shapes and from comparing the relative fit of heavy-tailed popu-
lation models to time series with suspected mass mortality events

Anderson et al. PNAS Early Edition | 3 of 6

http://phylopic.org
http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.1611525114/-/DCSupplemental/pnas.1611525114.sapp.pdf
http://www.pnas.org/lookup/suppl/doi:10.1073/pnas.1611525114/-/DCSupplemental/pnas.1611525114.sapp.pdf


Gadiformes
Salmoniformes

Perciformes
Pleuronectiformes

Lepidoptera
Carnivora

Coleoptera
Rodentia
Odonata

Lagomorpha
Anseriformes

Passeriformes
Artiodactyla

Diptera
Charadriiformes

Hemiptera
Falconiformes

Galliformes

0.0 0.1 0.2

Probability of black swans
Pr(ν < 10)

A

−1.0 −0.5 0.0 0.5 1.0
Process noise log(σ)

log(Lifespan)
Productivity (λ)

Density dep. (b)
log(Time steps)

Coefficient value
(per 2 SDs of predictor)

B

Fig. 3. Standardized probabilities and covariates of heavy-tailed dynamics.
(A) Taxonomic-order-level posterior densities of Pr(ν < 10) after accounting
for time-series length in a hierarchical model. The dotted vertical line in A
indicates the median expected Pr(ν < 10) from the prior distribution. The
color shading refers to taxonomic class (yellow: fishes; green: insects; pur-
ple: birds; and red: mammals). Estimates are standardized at the geometric
mean of time-series length across all of the data (∼27 time steps) and shown
for orders with ≥5 populations. (B) Posterior densities for potential covari-
ates of Pr(ν < 10). In both A and B, short vertical line segments within the
density polygons indicate medians. All silhouettes (except Salmoniformes)
from phylopic.org; credits in SI Appendix.

[e.g., the t distribution compared with a mixture of two normal
distributions (34)]. Nevertheless, our proposed t (or the skew
t) distribution is a simple and elegant solution that can be eas-
ily substituted for the normal distribution. Furthermore, if the
degrees of freedom parameter (ν) is fixed, it requires estimating
no more parameters than the normal distribution. Barring a bet-
ter estimate, we suggest using ν=5 and a skewness parameter
(γ) of 0.7 (Fig. 4A) if a modeler wishes to allow for downward
heavy-tailed events. These are midrange values from the popula-
tions identified as heavy-tailed here. Above ν=10, the t distri-
bution closely resembles the normal distribution, and compared
with the normal distribution, ν=5 allows for an event three SDs
below the mean to happen once every 66 y instead of once every
740 y. Adopting heavy-tailed process noise by default follows the
intuition that our models are usually reasonable but occasionally
very wrong.

In light of our findings, we suggest that natural resource man-
agement can learn from disciplines that focus on heavy tails. For

example, earthquake preparedness and response is focused on
black-swan events. Similarly to ecological black swans, we can
rarely predict the specific timing of large earthquakes. How-
ever, earthquake preparedness involves spatial planning based
on forecast probabilities to focus early detection efforts and
develop disaster-response plans (35). The presence of ecologi-
cal black swans also suggests that we develop management pol-
icy that is robust to heavy tails and encourages general resilience
(36). For instance, setting target population abundances far back
from critical limits may buffer against black-swan events (37),
and maintaining genetic, phenotypic, and behavioral diversity
may allow some components of populations to persist when oth-
ers are affected by disease or extreme environmental forces (25).
Finally, surprising, or counterintuitive, ecological dynamics offer
a tremendous opportunity to learn about ecological systems,
evaluate when models break down, and adjust future manage-
ment policy (38, 39).

Rare catastrophes can have a profound influence on popu-
lation persistence (10). In recent decades, ecology has moved
toward focusing on aspects of variance in addition to mean
responses (40). Our results suggest that an added focus on eco-
logical extremes represents the next frontier, particularly in the
face of increased climate extremes (11, 28, 40). Financial ana-
lysts are concerned with the shape of downward tails in finan-
cial returns because these directly impact estimates of risk—
the probability of a market crash occurring. Similarly, ecolo-
gists should focus more on estimating and predicting downward
tails of population abundance, because these may increase true
extinction risk.

Materials and Methods
Data. We selected abundance time series from the GPDD, which contains
nearly 5,000 time series of abundance from ∼1,000 species and ∼100 tax-
onomic orders. We filtered the data (SI Appendix) to remove populations
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Fig. 4. Heavy-tailed process noise tends to be downward skewed and
ignoring this tendency can underestimate risk. (A) Illustrations of Stu-
dent t distributions with three levels of skewness (γ) and heavy-tails (ν).
(B) Posterior density of the skewness parameters aggregated across popula-
tions grouped into heavy-tailed (ν̂ < 10), slightly heavy-tailed (10≤ ν̂≤ 70),
and normal-tailed populations (ν̂ > 70). Approximate midvalues from B are
illustrated in A. (C) Example time series of heavy-tailed populations with
different levels of skewness. Red dots highlight likely heavy-tailed events.
Forecasts (gray regions) show median (solid lines) and lower 99% credible
intervals (dotted lines) of abundance. Black and red lines indicate fore-
casts from Gompertz models with lognormal and skew-t process noise,
respectively.
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from less reliable data sources, and those without sufficient data for our
models, and then interpolated remaining missing values (sensu ref. 12). Our
interpolation affected only∼1% of the final data points (SI Appendix, Table
S1) and none of the data points that were later considered black-swan
events. Our final dataset contained 609 populations across 39 taxonomic
orders and 7 taxonomic classes, with a median of 26 time steps (range, 20–
117) (SI Appendix, Table S1).

Modeling Framework. We fit heavy-tailed Gompertz population dynamics
models to data from the GPDD. The Gompertz model represents population
growth as a linear function in log space (here and throughout we use log
to refer to the natural logarithm). If xt represents the log abundance (N) at
time t, then

xt = λ+ bxt−1 + εt , [1]

εt ∼ Student t(ν,0,σ). [2]

The parameter λ represents the expected growth rate if Nt = 1. The model
is density-independent if b = 1, maximally density-dependent if b = 0, and
inversely density-dependent if b< 0. Usually, the process noise εt is modeled
as normally distributed, but we allow it to be drawn from a Student t dis-
tribution with scale parameter σ and degrees of freedom ν. We can then
estimate the degree to which the process deviations have heavy tails (i.e.,
heavier tails than the lognormal distribution) and are therefore evidence of
black-swan events (Fig. 1A and B).

We chose the t distribution for a number of reasons. Pragmatically, the t
distribution requires the estimation of only one additional parameter over
the normal distribution and reverts to the normal distribution if evidence
of heavy-tailed process deviations is absent. Furthermore, the t distribu-
tion arises from a mixture of normal distributions with the same mean and
different variances (24), which mimics the underlying basis for black-swan
events. There are a wide range of mechanistic processes that could give rise
to extreme events in population dynamics, such as extreme climate events
(11, 28, 29) or sudden changes in predation from other species. Although
evaluating these various hypotheses would be important for diagnosing the
underlying causes of extreme events and to develop predictive models, it
would be impossible to tease out each of these underlying causes from pop-
ulation trend data alone. Instead, we seek a simple flexible phenomenologi-
cal model that can be applied across the widest possible range of population
time series to provide a comparative overview of the prevalence of black-
swan events.

One alternative approach would involve fitting the generalized extreme
value (GEV) distribution, which represents the limit distribution of a series of
maxima or minima. Although the GEV is well-suited for environmental vari-
ables [e.g., sedimentation rates or wind speeds (31, 41)], the GEV requires
maxima per time block. Therefore, the GEV requires longer or higher fre-
quency time series than typically available for wild animal population abun-
dance. Furthermore, to our knowledge, the GEV cannot be easily integrated
into population dynamics models.

For the Gompertz model, we chose weakly informative priors for all
parameters (SI Appendix, Fig. S8). For the degrees of freedom parameter
ν, we chose an exponential prior with a rate parameter of 0.01 truncated at
values above 2—a slightly less informative prior than suggested by ref. 42.
We truncated the distribution at 2 because below 2, there can be issues with
computational stability. This prior gives only a 7.7% probability that ν < 10
but constrains the sampling sufficiently to avoid ν drifting toward infinity.
In any case, for ν > 20, the t distribution is almost indistinguishable from
the normal distribution (Fig. 1). Based on the shape of the t distribution,
we chose the probability that ν < 10, Pr(ν < 10), to define the probability
of heavy-tailed (black-swan) dynamics. When categorizing a population as
heavy-tailed, we applied a 0.5 probability threshold. The data must there-
fore alter the posterior so that more than 50% of the posterior probability
has ν < 10 for a population to be declared heavy-tailed. If the data are unin-
formative about heavy tails (e.g., Fig. 1E and H), and the population model
is otherwise a reasonable representation of the dynamics, the posterior for
ν will approximately match the prior (prior median = 71, mean = 102), and
a metric of Pr(ν < 10)> 0.5 will not flag any populations as heavy-tailed.

We fit our models with Stan 2.14.1 (43–45) and R 3.3.1 (46). We began
with four chains and 2,000 iterations, discarding the first 1,000 as warmup.
If R̂ (the potential scale reduction factor—a measure of chain convergence)
was greater than 1.05 for any parameter, or if the minimum effective sam-
ple size, neff (a measure of the effective number of uncorrelated samples),
for any parameter was less than 200, we doubled both the total iterations
and warmup period and sampled from the model again. In the majority of
cases our minimum thresholds were greatly exceeded. We continued this

procedure up to 8,000 iterations, by which point all chains had sufficiently
converged.

Alternative Models and Simulation Testing. We fit alternative population
models to test if four key phenomena systematically changed our con-
clusions. Autocorrelation has been suggested as a reason for increased
observed variability of abundance time series through time, which could cre-
ate apparent heavy tails (47); therefore, we fit a model that included serial
correlation in the residuals. Additionally, previous work has modeled abun-
dance or growth rates without accounting for density dependence (16, 17);
therefore, we fit a simpler model in which we assumed density indepen-
dence. This model is equivalent to a random walk with drift on log abun-
dance and therefore does not assume that the time series is stationary. Third,
observation error could bias parameter estimates (13) or mask our ability to
detect heavy tails (34); therefore, we fit a model where we allowed for a
fixed quantity of observation error (0.2 SD on a log scale). Fourth, the Gom-
pertz model assumes that population growth rate declines linearly with log
abundance. Therefore, we also fit an alternative model, the Ricker logistic
model, which assumes that population growth rate declines linearly with
abundance (SI Appendix).

We investigated the sensitivity of our results to weaker and stronger
priors (exponential rate parameter = 0.005, 0.02) and alternative priors (SI
Appendix, Fig. S8). Furthermore, we used simulated data to test how easily
we could detect ν given different sample sizes and to ensure we could recover
unbiased parameter estimates from the Gompertz model (SI Appendix).

Covariates of Heavy-Tailed Dynamics. We fit a hierarchical beta regression
model to the predicted probability of heavy tails, Pr(ν < 10), to investigate
potential covariates of heavy-tailed dynamics. We obtained maximum lifes-
pan and body-size data from ref. 12 for species from 568 of the 609 pop-
ulations. Beta regression is useful when response data are on a continuous
scale between 0 and 1 (48). The model was as follows:

Pr(νi < 10) ∼ Beta(Ai , Bi)

µi = logit−1(α+ α
class
j[i] + α

order
k[i] + α

species
l[i] + Xiβ),

for i = 1, . . . ,568

Ai = φdispµi

Bi = φdisp(1− µi)

α
class
j ∼ Normal(0,σ2

α class), for j = 1, . . . ,6

α
order
k ∼ Normal(0,σ2

α order), for k = 1, . . . ,37

α
species
l ∼ Normal(0,σ2

α species), for l = 1, . . . ,259,

where A and B represent the beta distribution shape parameters; µi repre-
sents the predicted value for population i, class j, order k, and species l; φdisp

represents the dispersion parameter; and Xi represents a vector of predic-
tors (such as lifespan) for population i with associated β coefficients. The
intercepts are allowed to vary from the overall intercept α by taxonomic
class (αclass

j ), taxonomic order (αorder
k ), and species (αspecies

l ) with SDs σα class,
σα order, and σα species. Where possible, we also allowed for error distribu-
tions around the predictors by incorporating the SD of the posterior samples
for the Gompertz parameters λ, b, and logσ around the mean point value
as normal distributions (not shown in the above equation).

We log-transformed σ, time-series length, and lifespan to make the rela-
tionship approximately linear on the logit-transformed response scale; this
transformation matches the way the predictors are visually presented in SI
Appendix, Fig. S5. All input variables were standardized by subtracting their
mean and dividing by two SDs to make their coefficients comparable in mag-
nitude (49). We excluded body length as a covariate because it was highly
correlated with lifespan, and lifespan exhibited more overlap across taxon-
omy than body length. Lifespan is also more directly related to time and
potential mechanisms driving black-swan dynamics.

We incorporated weakly informative priors into our model: Cauchy(0,10)
on the global intercept α, half-Cauchy(0, 2.5) on all SD parameters,
half-Cauchy(0,10) on the dispersion parameter φdisp, and Cauchy(0, 2.5) on
all other parameters (50, 51). We fit our model with 2,000 total iterations
per chain, 1,000 warmup iterations, and four chains. We checked for chain
convergence visually and with the same criteria as before (R̂< 1.05 and
neff > 200 for all parameters). Furthermore, we checked our model against
a similar maximum likelihood model fit with the glmmADMB R package (52)
without uncertainty around the predictors.

To derive taxonomic-order-level estimates of the probability of heavy tails
accounting for time-series length (Fig. 3A), we fit a separate hierarchical
model with the same structure but with only log time-series length as a
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predictor—in this case, we did not want to control for intrinsic population
characteristics such as density dependence. Because our predictors were cen-
tered by subtracting their mean value, we obtained order-level estimates of
the probability of heavy tails at mean log time-series length by adding the
posteriors for α, αclass

j , and αorder
k .

Skewed Student t Forecasts. To evaluate the apparent skewness of heavy-
tailed process noise, we fit Gompertz models with skewed Student t
distributed process noise (42). This distribution adds one parameter to
the Student t distribution, γ, which controls the skewness. The distribu-
tion is symmetrical if γ= 1, left-skewed if 0<γ < 1, and right-skewed
if 1<γ <∞. We placed a weakly informative prior of Cauchy(0, 2.5) on
log γ. We aggregated 5,000 randomly selected posterior samples from the
γ parameter of each model at three levels of evidence for heavy tails:
heavy-tailed, median ν < 10; slightly heavy-tailed, 10≤median ν≤ 70; and
normal-tailed, median ν > 70 (Fig. 4).

To generate 5-y forecasts of abundance, we combined the posterior
parameter samples from the skewed t Gompertz models with stochastically

generated process noise. We compared these forecasts to those generated
by a standard Gompertz model with normally distributed process noise fit
to the same data. We calculated the ratio of the lower 99% quantile credi-
ble interval between the two model projections for all populations in which
Pr(ν < 10) > 0.5. To ensure the results had stabilized in the tails of the fore-
cast posterior, we increased the number of posterior samples in Stan. We ran
four chains of 20,000 iterations and discarded the first 10,000 as warmup.
We then generated 5 sets of future stochastic process deviations for each
sample for a total of 200,000 forecast samples per population.
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Data selection

We applied the following data selection and quality-control rules to the Global Population Dy-
namics Database (GPDD):

1. To remove populations with unreliable population indices that could be strongly confounded
with economics and sampling e�ort, we removed all populations with a sampling protocol
listed as harvest as well populations with the words harvest or fur in the cited reference
title.

2. We removed all populations with uneven sampling intervals, i.e. we removed populations
that did not have a constant di�erence between the “decimal year begin” and “decimal year
end” columns.

3. We removed all populations rated as < 2 in the GPDD quality assessment (on a scale of 1
to 5, with 1 being the lowest quality data) [1, 2].
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4. Populations with negative abundance values were removed. Of the populations that re-
mained at the end of our other �ltering rules, the remaining populations with negative
abundances listed were all from time series that had been standardized by subtracting the
mean and dividing by the standard deviation. We veri�ed this by locating the original pa-
pers the datasets were extracted from: Ref. [3] for zooplankton and Ref. [4] for grouse.
Since the papers did not include the original mean time-series values we could not back
transform these data points.

5. We �lled in all missing time steps with NA values and imputed single missing values with
the geometric mean of the previous and following values. We chose a geometric mean to
be linear on the log scale that the Gompertz and Ricker-logistic models were �t on.

6. We �lled in single recorded values of zero with the lowest non-zero value in the time se-
ries [5]. �is assumes that single values of zero result from abundance being low enough
that censusing overlooked individuals that were actually present. We turned multiple zero
values in a row into NA values. �is implies that multiple zero values were either censusing
errors or caused by emigration. Regardless, our population models were �t on a multi-
plicative (log) scale and so could not account for zero abundance. To avoid distorting the
original data too strongly, we removed populations in which we �lled in more than four
zeros.

7. We removed all populations without at least four unique values [5].

8. We removed all populations with four or more identical values in a row since these suggest
either recording error or extrapolation between two observations.

9. We then wrote an algorithm to �nd the longest unbroken window of abundance (no NAs)
with at least 20 time steps in each population time series. If there were any populations
with multiple windows of identical length, we took the most recent window. �is is a longer
window than used in some previous analyses [5], but since our model a�empts to capture
the shape of the distribution tails, our model requires more data.

10. We removed GPDD Main IDs 20531 and 10139, which we noticed were duplicates of 20579
(a heron population). 20579 contained additional years of data not present in 10139. We
removed a limited number of populations from class Angiospermopsida and Bacillario-
phyceae to focus the taxonomy in our analysis on animals. We also removed any popula-
tions with an Unknown taxonomic class.
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11. Finally, we removed populations with the following GPDD Main IDs, which we discovered
were data entry errors when verifying the populations with suspected black swans: 1207
because the 1957 data point was entered as 2 but should have been 27 [6], 6531 because
the 1978 data point was entered as 7 but should have been 47 [7], and 6566 because some
of the data did not match the graph [8].

17% of populations had at least one point interpolated but only 0.7% of the total observations
were interpolated. We note that interpolation is highly unlikely to lead to black-swan detections,
since black swans involve extreme increases or decreases.

Prior distributions for Gompertz models

For the Gompertz model, our weakly informative priors (Fig. S8) were:

b ∼ Uniform(−1, 2) (1)

λ ∼ Normal(0, 102) (2)

σ ∼ Half-Cauchy(0, 2.5) (3)

ν ∼ Truncated-Exponential(0.01,min. = 2). (4)

Our prior on b was uninformative between values of −1 and 2. We would not expect values of
b with levels of density dependence as low as −1 (very strong inverse density dependence), nor
would we generally expect values above 1. We allowed values of b above 1 to allow for non-
stationary time series of growth rates. �e estimates of b were well within these bounds. Our
prior on λ was weakly informative within the range of expected values for population growth
and is similar to the default priors suggested by Ref. [9] for intercepts of regression models. Our
half-Cauchy prior on σ follows Ref. [10] and Ref. [9] and the speci�c scale parameter of 2.5 is
based on our expected range of the value in nature from previous studies [11]. In our testing of a
subsample of populations, our parameter estimates were not qualitatively changed by switching
to a uniform prior onσ , but the weakly informative half-Cauchy prior sped up chain convergence.

To test if the prior on ν in�uenced our estimate of black-swan dynamics, we re�t our models with
weaker and stronger priors. Our base model used a prior onν of Truncated-Exponential(0.01, min.
= 2). For a weaker prior we used Truncated-Exponential(0.005, min. = 2) and for a stronger prior
we used Truncated-Exponential(0.02, min. = 2) (Fig. S8C). Note that the base and weaker priors
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are relatively �at within the region of ν < 20, which is the region we are concerned about when
categorizing populations as heavy tailed. We considered using a Uniform(0, 1) prior on 1/ν as
used in Ref. [12], but this prior puts considerably more weight on lower (heavy-tailed) values of
ν than the truncated exponential priors considered here, and the results are therefore not shown.
Furthermore, we considered the prior suggested in Ref. [13] of ν ∼ Gamma(2, 0.1), again limited
to ν > 2. Compared to our main truncated exponential prior, this prior places a higher probability
density at ν < 10 (0.25 vs. 0.08) and has a mode at ν = 10. �is prior raised the estimated value of
ν for some of the populations identi�ed as heavy-tailed with our default prior, but overall gave
us similar inference with a Spearman correlation of 0.90 between Pr(ν < 10) for the two priors.

Alternative population models

Autocorrelated residuals

We considered a version of the Gompertz model in which an autoregressive parameter was �t to
the process-noise residuals:

xt = λ + bxt−1 + ϵt (5)

ϵt ∼ Student-t(ν ,ϕϵt−1,σ ). (6)

In addition to the parameters in the original Gompertz model, this model estimates an addi-
tional parameter ϕ, which represents the correlation of subsequent residuals. Based on the re-
sults of previous analyses with the GPDD [11] and the chosen prior in previous analyses [14],
we placed a moderately informative prior on ϕ that assumed the greatest probability density
near zero with the reduced possibility of ϕ being near −1 or 1. Speci�cally, we chose ϕ ∼

truncated-Normal(0, 0.5,min. = −1,max. = 1).

Density independence

We �t a simpli�ed version of the Gompertz model in which the density dependence parameter b
was �xed at 1 (density independent). �is is equivalent to ��ing a random walk model (with dri�)
to the log abundances or assuming the growth rates are drawn from a stationary distribution. �e
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model was as follows:

xt = λ + xt−1 + ϵt (7)

ϵ ∼ Student-t(ν , 0,σ ). (8)

We �t this model for three reasons: (1) it is computationally simpler and so provides a check
that our more complicated full Gompertz model was obtaining reasonable estimates of ν , (2) it
provides a test of whether density dependence was a�ecting our perception of heavy tails, (3) it
matches how some previous authors have modelled heavy tails without accounting for density
dependence [15].

We also considered a simpler model: a random walk on log abundance without dri�,

xt = xt−1 + ϵt (9)

ϵ ∼ Student-t(ν , 0,σ ). (10)

However, the estimates of ν were qualitatively similar to those from Equation 7 (Fig. S1C) and
are therefore not shown.

Observation error

Observation error can bias parameter estimates [16] and is known to a�ect the ability to detect
extreme events [17]. In our main analysis, we �t a model that ignored observation error. One
way to account for observation error would be to �t a full state-space model that simultaneously
estimates the magnitude of process noise and observation error. However, simultaneously esti-
mating observation and process noise is a challenging problem (e.g. because the observation and
process noise parameters tend to negatively covary in model ��ing) and is known to sometimes
result in identi�ability issues with the Gompertz population model [18]. Furthermore, our model
was applied to hundreds of time series, o�en of short length (as few as 20 time steps) and our
model estimates an additional parameter—the shape of the process deviation tails—potentially
making identi�ability and computational issues even greater. �erefore, we considered a version
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of the base Gompertz model that allowed for a �xed level of observation error:

Ut = λ + bUt−1 + ϵt (11)

xt ∼ Normal(Ut ,σ
2
obs) (12)

ϵt ∼ Student-t(ν , 0,σproc), (13)

whereU represents the served state vector, σobs represents the standard deviation of observation
error (on a log scale), and σproc represent the process noise scale parameter. We set σobs to 0.2,
which represents a typical value used in simulation analyses [19, 20].

Ri�er-logistic

We also �t a Ricker-logistic model:

xt = xt−1 + rmax

(
1 −

Nt−1

K

)
+ ϵt (14)

ϵt ∼ Student-t(ν , 0,σ ), (15)

where rmax represents the theoretical maximum population growth rate that is obtained when
Nt = 0. �e parameter K represents the carrying capacity and, as before, xt represents the log
transformed abundance at time t . �e Ricker-logistic model assumes a linear decrease in popula-
tion growth rate with increases in abundance. In contrast, the Gompertz model assumes a linear
decrease in population growth rate with increases in log abundance.

To �t the Ricker-logistic models, we chose a prior on K uniform between zero and twice the
maximum observed abundance (similar and less informative than in Ref. [21]). We set the prior
on rmax as uniform between 0 and 20 as in Ref. [21]. We used the same priors on ν and σ as in the
Gompertz model.

Heavy-tailed Gompertz model simulations

We performed two types of simulation testing. First, we tested how easily the Student-t distribu-
tion ν parameter could be recovered given di�erent true values of ν and di�erent sample sizes.
Second, we tested the ability of the heavy-tailed Gompertz model to obtain unbiased parameter
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estimates of ν given that a set of process deviations was provided in which the e�ective ν value
was close to the true ν value.

We separated our simulation into these two components to avoid confounding two issues. (1)
With smaller sample sizes, there may not be a stochastic draw from the tails of a distribution.
In that case, no model, no ma�er how perfect, will be able to detect the shape of the tails. (2)
Complex models may return biased parameter estimates if there are conceptual, computational,
or coding errors. Our �rst simulation tested the �rst issue and our second simulation tested the
la�er. In general, our simulations show that, if anything, our model under predicts the magnitude
and probability of heavy tailed events—especially given the length of the time series in the GPDD.

First, we tested the ability to estimate ν given di�erent true values of ν and di�erent sample sizes.
We took stochastic draws from t distributions with di�erent ν values (ν = 3, 5, 10, and 106 [≈
normal]), with central tendency parameters of 0, and scale parameters of 1. We started with 1600
stochastic draws and then �t the models again at the �rst 800, 400, 200, 100, 50, and 25 draws.
Each time we recorded the posterior samples of ν .

We found that we could consistently and precisely recover median posterior estimates of ν near
the true value of ν with large samples (≥ 200) (Fig. S3 upper panels). At smaller samples we could
usually qualitatively distinguish heavy from not-heavy tails, but the model tended to underesti-
mate how heavy the tails were. At the same time, at smaller sample sizes, the model tended to
overestimate how large the scale parameter was (Fig. S3 lower panels).

Second, we tested the ability of the heavy-tailed Gompertz model to obtain unbiased parameter
estimates when the process noise was chosen so that appropriate tail events were present. To
generate these process deviations for the ν = 3 and ν = 5 scenarios, we repeatedly drew proposed
candidate process deviations and estimated the central tendency, scale, and ν values each time.
We recorded when ν̂ (median of the posterior) was within 0.2 CVs (coe�cient of variations) of
the true ν value and used this set of random seed values in our Gompertz simulation.

�e following pseudo R code illustrates the procedure to generate process noise with e�ective ν
values within a CV of 0.2 of the speci�ed value:
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get_effective_nu_seeds <- function(nu_true = 5, cv = 0.2, N = 50, seed_N = 20) {

# nu_true: The true nu value

# cv: The permitted effective nu coefficient of variation

# N: The length of time series

# seed_N: The number of seed values to generate

seeds <- numeric(length = seed_N)

seed_value <- 0

for (i in seq_len(seed_N)) {

nu_close <- FALSE

while (!nu_close) {

seed_value <- seed_value + 1

set.seed(i)

y <- rt(N, df = nu_true)

sm <- rstan::stan(... # fit the Stan model here

med_nu_hat <- median(rstan::extract(sm, pars = "nu")[[1]])

if (med_nu_hat > (nu_true - cv) & med_nu_hat < (nu_true + cv)) {

nu_close <- TRUE

seeds[i] <- seed_value

}

}

}

seeds

}

nu_3_seeds_N50 <- get_effective_nu_seeds(nu_true = 3)

nu_5_seeds_N50 <- get_effective_nu_seeds(nu_true = 5)

We then �t our Gompertz models to the simulated datasets with all parameters (except ν ) set near
the median values estimated in the GPDD. We repeated this with 50 and 100 samples without
observation error, 50 samples with observation error (σobs = 0.2), and 50 samples with the same
observation error and a Gompertz model that allowed for correctly speci�ed observation error
magnitude. Our results indicate that the Gompertz model can recapture the true value of ν when
the process noise was chosen so that appropriate tail events were present (Fig. S4 upper panels).
�e addition of observation error caused the model to tend to underestimate the degree of heavy-
tailedness. Fi�ing a model with correctly speci�ed observation error did not make substantial
improvements to model bias (Fig. S4).

We found that the Gompertz model can recapture the true value of ν when the process noise
was chosen so that appropriate tail events were present (Fig. S4 upper panels). �e addition
of observation error caused the model to tend to underestimate the degree of heavy-tailedness.
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Fi�ing a model with correctly speci�ed observation error did not substantially reduce model bias
(Fig. S4 upper panels).

When converting the posterior distributions of ν into Pr(ν < 10), the models distinguished heavy
and not-heavy tails reasonably well (Fig. S4 lower panels). Without observation error, and using
a probability of 0.5 as a threshold, the model correctly classi�ed all simulated systems with nor-
mally distributed process noise as not heavy tailed. �e model would have miscategorized only
one of 40 simulations at ν = 5 across simulated populations with 50 or 100 time steps (Fig. S4,
scenarios 1 and 2 in lower row, second panel from le�). �e model would have correctly cate-
gorized all cases where the process noise was not heavy tailed (Fig. S4 bo�om-right panel) and
all cases where ν = 3 and there was not observation error. With 0.2 standard deviations of ob-
servation error, the model still categorized 75% of cases as heavy tailed when ν = 5 and all but
one case when ν = 3. Allowing for observation error made li�le improvement to the detection of
heavy tails. �erefore, we chose to focus on the simpler model without observation error in the
main text, particularly given that the true magnitude of observation error was unknown in the
empirical data.

Implementation of the skewed Student-t distribution in Stan

�e probability density for the skewed Student-t distribution [22] equates to the following prob-
ability density as implemented in Ref. [23]:

Skewed Student-t(x) =



2
(γ + 1/γ )Student-t(x · γ ,ν , µ · γ ,σ ), for x < 0

2
(γ + 1/γ )Student-t(x/γ ,ν , µ/γ ,σ ), for x ≥ 0.

(16)

Here γ represents the skewness parameter. �e Student-t (·) portion represents in order: the data
point of interest, the heavy-tailedness parameter, the location parameter, and the scale parameter
as passed to the standard Student-t probability density. �is translates to the log probability
density:
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Skewed Student-t(x) =



log(2γ ) − log(γ 2 + 1) + log Student-t(x · γ ,ν , µ · γ ,σ ), for x < 0

log(2γ ) − log(γ 2 + 1) + log Student-t(x/γ ,ν , µ/γ ,σ ), for x ≥ 0.
(17)

Since Stan only needs the probability density up to an additive constant [24], we can replace
log(2γ ) in the above for log(γ ). �e �nal log probability density for the skewed Student-t distri-
bution implemented in Stan1 looks like the following:

real skew_student_t_log(real y, real nu, real mu, real sigma, real skew) {

real lp;

lp <- log(skew) - log1p(square(skew));

if (y < mu)

return lp + student_t_lpdf(y * skew | nu, mu * skew, sigma);

else

return lp + student_t_lpdf(y / skew | nu, mu / skew, sigma);

}

In our skew-Student-t models, populations tended to have downward-skewed process noise (Figs
4B, S6). �e proportions of populations with Pr(γ < 1) > 0.95 (i.e. strong evidence of downward-
skewed process noise) were 0.21 (birds), 0.18 (insects), 0.31 (mammals), and 0.21 (�shes).

Silhouette image licenses

Many of the silhoue�e images used in Figs 2, and 3 were obtained from phylopic.org under
Creative Commons licenses. We drew the salmon in Fig. 2. �e bird in these �gures was obtained
from phylopic.org under a Creative Commons A�ribution 3.0 Unported license with credit to
Jean-Raphal Guillaumin [photography] and T. Michael Keesey [vectorization]). �e silhoue�es in
Fig. 3 were obtained from the following sources (metadata obtained with the help of the rphylopic
R package, https://github.com/sckott/rphylopic):

1Credit to Stan developer Bob Carpenter:
https://groups.google.com/d/msg/stan-users/jeZQnQRUsDs/BeqhicWm1GEJ
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Taxonomic order Credit License URL

Gadiformes Uncredited http://creativecommons.org/
publicdomain/mark/1.0/

Perciformes Ellen Edmonson and Hugh Chrisp (vector-
ized by T. Michael Keesey)

http://creativecommons.org/
publicdomain/mark/1.0/

Pleuronectiformes Birgit Lang http://creativecommons.org/
licenses/by/3.0/

Lepidoptera Curtis (modi�ed by T. Michael Keesey) http://creativecommons.org/
publicdomain/mark/1.0/

Carnivora Brian Gratwicke (photo) and T. Michael
Keesey (vectorization)

http://creativecommons.org/
licenses/by/3.0/

Coleoptera Crystal Maier http://creativecommons.org/
licenses/by/3.0/

Rodentia Ma�ia Menche�i http://creativecommons.org/
publicdomain/zero/1.0/

Odonata Gareth Monger http://creativecommons.org/
licenses/by/3.0/

Lagomorpha Sarah Werning http://creativecommons.org/
licenses/by/3.0/

Anseriformes Sharon Wegner-Larsen http://creativecommons.org/
publicdomain/zero/1.0/

Passeriformes Michael Scroggie http://creativecommons.org/
publicdomain/zero/1.0/

Artiodactyla Jan A. Venter, Herbert H. T. Prins, David A.
Balfour and Rob Slotow (vectorized by T.
Michael Keesey)

http://creativecommons.org/
licenses/by/3.0/

Diptera Gareth Monger http://creativecommons.org/
licenses/by/3.0/

Charadriiformes Rebecca Groom http://creativecommons.org/
licenses/by/3.0/

Hemiptera T. Michael Keesey http://creativecommons.org/
publicdomain/zero/1.0/

Falconiformes Ferran Sayol http://creativecommons.org/
publicdomain/zero/1.0/

Galliformes Steven Traver http://creativecommons.org/
publicdomain/zero/1.0/

Code availability

Data and code to reproduce our analysis are available at
https://github.com/seananderson/heavy-tails

and are archived at
http://doi.org/10.5281/zenodo.321930
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Supplementary tables and �gures

Table S1: Summary statistics for the �ltered Global Population Dynamics Database time series
arranged by taxonomic class. Columns are number of populations, number of taxonomic orders,
numbers of species, median time series length, total number of interpolated time steps, total
number of substituted zeros, and total number of time steps.

Taxonomic class Populations Orders Species Median length Interpolated pts Zeros pts Total pts

Aves 191 15 112 27.00 68 32 6160
Insecta 182 7 91 25.00 26 55 4812
Mammalia 125 8 51 28.00 18 21 4027
Osteichthyes 108 6 35 26.50 13 3 3310
Chondrichthyes 1 1 1 20.00 1 0 20
Crustacea 1 1 1 33.00 0 0 33
Gastropoda 1 1 1 21.00 0 0 21
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Table S2: Populations with a high (> 0.6) probability of heavy-tailed dynamics in the base heavy-tailed Gompertz population dynamics model.
Shown are the log abundance time series, population descriptions, Global Population Dynamics Database Main IDs, citation for the data source
or separate veri�cation literature, a description of the cause of the black-swan events (if known), the probability of heavy tails as calculated by
our model, and median estimate of ν from our model with 90% quantile credible intervals indicated in parentheses. Red dots on the time series
indicate downward black-swan events and blue values indicate upward black-swan events that have a 10−4 probability or less of occurring if the
population dynamics were explained by a Gompertz model with normally distributed process noise with a standard deviation equal to the scale
parameter in the ��ed t distribution.

Time series Population ID Ref Description Pr(ν < 10)

●

●●

●

Shag, Phalacrocorax aristotelis, Farne Islands,
Northumberland

6528 [25] Red tide event combined with low
productivity due to overcrowding

1.00

●

●
●

● South African fur seal, Arctocephalus pusillus,
South Africa

7115 [26] Harvesting and predation changes 1.00

●

●

Pine looper or Bordered white, Bupalus
piniaria, Kessock

9382 [28] Unknown, but sampling intensity
was decreasing

1.00

●

● ●
●

●
●

Red grouse, Lagopus lagopus scoticus, Scotland
- un-named area

10127 [27] Environment- and parisite-caused
cycles

1.00

●
●●

●
●

●

●

Red grouse, Lagopus lagopus scoticus, Scotland
- un-named area

10128 [27] Environment- and parisite-caused
cycles

1.00

●●

Water vole, Arvicola amphibius, Le Pont 10007 [29] Predator-environment cycle interac-
tions

0.99

●

●

●

●

Grey heron, Ardea cinerea, Southern Britain 20579 [30] Severe winter 0.99

●

Flea beetle, Chaetocnoma concinna, Finland 9655 [31] Cannot locate original source 0.99

●

Wren, Troglodytes troglodytes, Eastern Wood,
Bookham Common

1235 [32] Severe winter 0.98

●

Gooseberry saw�y, Nemastus ribesii, Finland 9667 [31] Cannot locate original source 0.97

●

●

●

Willow grouse, Lagopus lagopus, Northern
England

10113 [33] Parasites and predators 0.99

●●

Unknown, Trioza apicalis, Finland 9679 [31] Cannot locate original source 0.83

●
Wandering albatross, Diomedea exulans,
Taiaroa

20527 [34] Unknown 0.99

●

Red grouse, Lagopus lagopus scoticus, North-
ern Scotland

10039 [33] Parasites and predators 0.93

●

Red grouse, Lagopus lagopus scoticus, Atholl
Estate

10162 [35] Bad environmental conditions and
overcrowding combined to create
crashes

0.92

● ●

European rabbit, Oryctolagus cuniculus, Estate
2, East Anglia

7099 [36] Disease outbreak followed by years
of good weather

0.81

●
●

Fisher or Pekan, Martes pennanti, Manitoba 9503 [37] Unknown 0.75

●

Wheatear, Oenanthe oenanthe, Skokholm
Island

2778 [38] Unknown, but decline noted specif-
ically, cold winters caused some
crashes

0.67
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Figure S1: Estimates of ν from alternative models plo�ed against the base Gompertz model esti-
mates of ν . Alternative models are (A) Ricker-logistic; (B) a Gompertz model with AR1 residual
correlation; (C) modelling population growth rate with no density dependence; and (D) a Gom-
pertz model with �xed magnitude of observation error. Shown are medians of the posterior (dots)
and 50% credible intervals (segments). �e diagonal line indicates a one-to-one relationship. Dif-
ferent colours indicate various taxonomic classes. �e grey-shaded regions indicate regions of
disagreement if ν = 10 is taken as a threshold of heavy-tailed dynamics. �e Gompertz obser-
vation error model assumes a �xed standard deviation of observation error of 0.2 on a log scale.
Models in (B) and (D) that had not met convergence thresholds were run for four chains, 256,000
iterations (128,000 warm up), and retaining every 10th sample, a�er which the MCMC chains for
one population in (B) and four populations in (D) had still not met convergence thresholds. �ese
populations are excluded from their respective panels, but all populations with Pr(ν < 10) > 0.5
in the base model had converged and are shown.
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Figure S2: Estimates of ν from Gompertz models with alternative priors on ν . (A) A weaker
prior on ν ; (B) a stronger prior on ν , as illustrated in Fig. 1. Shown are medians of the posterior
(dots) and 50% credible intervals (segments). �e diagonal line indicates a one-to-one relationship.
Di�erent colours indicate various taxonomic classes. �e grey-shaded regions indicate regions of
disagreement if ν = 10 is taken as a threshold of heavy-tailed dynamics. In general, the estimates
are nearly identical in cases where the data are informative about low values of ν . When the data
are less informative about low values of ν , the prior can slightly pull the estimates of ν towards
higher or lower values.
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Figure S3: Testing the ability to estimate ν (top panels) and the scale parameter of the process
deviations (bo�om panels) for a given number of samples (columns) drawn from a distribution
with a given true ν value (rows). �e red lines indicate the true population value. When a small
number of samples are drawn there may not be samples su�ciently far into the tails to recapture
the true ν value; however, heavy tails are still distinguished from normal tails in most cases, even
with only 25 or 50 samples.

19



3 5 1e+09

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

Infinity

10

5

3

1 2 3 4 1 2 3 4 1 2 3 4
Scenario

M
ed

ia
n 

ν

Scenario
1. N100, no obs. error

2. N50, no obs. error

3. N50, obs. error ignored

4. N50, obs. error modelled

ν true

3 5 1e+09

●

●

●

●

●

●

●

●

●

●

●

●

●

0.00

0.25

0.50

0.75

1.00

1 2 3 4 1 2 3 4 1 2 3 4
Scenario

P
r(ν

<
10

)

Scenario
1. N100, no obs. error

2. N50, no obs. error

3. N50, obs. error ignored

4. N50, obs. error modelled

ν true

Figure S4: Simulation testing the Gompertz estimation model when the process deviation draws
were chosen so that ν could be estimated close to the true value outside the full population model
(“e�ective ν” within a CV of 0.2 of speci�ed ν ). Upper panels show the distribution of median ν̂
across 20 simulation runs. Lower panels show the distribution of Pr(ν < 10) across 20 simulation
runs. We ran the simulations across three population (“true”) ν values (3, 5, and 1 · 109, i.e.
approximately normal) and four scenarios: (1) 100 time steps and no observation error, (2) 50 time
steps and no observation error, (3) 50 time steps and observation error drawn from Normal(0, 0.22)
but ignored, and (4) 50 time steps with observation error in which the quantity of observation
error was assumed known. Within each scenario the dots represent stochastic draws from the
true population distributions combined with model �ts. Underlayed boxplots show the median,
interquartile range, and 1.5 times the interquartile range.

20



0.05 1.00 5.00
0.0

0.5

1.0
A

Gompertz σ

H
ea

vy
 ta

ils
N

or
m

al
 ta

ils

0 5 10 15 20

B

Gompertz λ
−0.5 0.0 0.5 1.0

C

Gompertz b

Aves

Mammalia

Insecta

Osteichthyes

20 30 50 100
0.0

0.5

1.0
D

Time−series length

H
ea

vy
 ta

ils
N

or
m

al
 ta

ils

2 20 100

E

Body length (mm)
0.2 1.0 5.0 20.0

F

Lifespan (years)

P
r(ν

<
10

)

Figure S5: Potential covariates of heavy-tailed population dynamics (indicated by a high proba-
bility that ν < 10). Shown are (A to C) parameters from the Gompertz heavy-tailed population
model (σ , λ, b), (D) number of time steps, (E) body length, and (F) lifespan. For the Gompertz
parameters, σ refers to the scale parameter of the Student-t process-noise distribution, λ refers to
the expected log abundance at the next time step at an abundance of one, b refers to the density
dependence parameter. Circles representing a few sharks, crustaceans, and gastropods are �lled
in white. Median and 90% credible interval posterior predictions of a beta regression hierarchical
model are shown in panels (A) and (D) where there was a high probability the slope coe�cient
was di�erent from zero (Fig. 3B).
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Figure S6: Skewness and heavy-tailed parameter posteriors. Top panel shows the shape of the
skew-t distribution at di�erent combinations of skewness (γ ) and heavy-tailedness (ν ). Lower
panel shows the posterior medians and 50% credible intervals for the two parameters. �e hori-
zontal red line indicates the median log(skewness) parameter across all populations.
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Figure S7: Projections of population abundance under skew-t (red) and normally distributed pro-
cess error models (blue) for populations with Pr(ν < 10) > 0.5. Numbers above panels indicate
GPDD population IDs as shown in Table S2. Horizontal axes indicates year before last recorded
abundance and a projection �ve years into the future. For the projected region, solid lines repre-
sents the median projection and dashed lines represent lower 99% credible intervals. Vertical axes
are log-distributed. Assuming normal process error tends to underestimate risk of low abundance
if the process error is in fact heavy-tailed.
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Figure S8: Probability density of the Bayesian priors for the Gompertz models. (A) Per capita
growth rate at log(abundance) = 0: λ ∼ Normal(0, 102). (B) Scale parameter of t-distribution
process noise: σ ∼ Half-Cauchy(0, 2.5) (C) Student-t distribution degrees of freedom pa-
rameter: ν ∼ Truncated-Exponential(0.01,min. = 2). (D) AR1 correlation coe�cient of
residuals: ϕ ∼ Truncated-Normal(0, 0.5,min. = −1,max. = 1). Not shown is b, the den-
sity dependence parameter: b ∼ Uniform(−1, 2). Panel (C) also shows two alternative pri-
ors: a weaker prior ν ∼ Truncated-Exponential(0.005,min. = 2), and a stronger prior ν ∼
Truncated-Exponential(0.02,min. = 2). �e inset panel shows the same data but with a log-
transformed x axis. Note that the base and weaker priors are relatively �at within the region of
ν < 20 with which we are concerned.
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Stan code for the multilevel beta regression:

// Beta regression with group-level intercepts for

// taxonomic class, order, and species

// Uncertainty specified around the predictors x1, x2, x3

data {

int<lower=0> N; // rows of data

int<lower=0> n_class; // number of classes

int<lower=0> n_order; // number of orders

int<lower=0> n_sp; // number of species

int<lower=1,upper=n_class> class_id[N];

int<lower=1,upper=n_order> order_id[N];

int<lower=1,upper=n_sp> sp_id[N];

vector[N] x1; // predictor

vector[N] x2; // predictor

vector[N] x3; // predictor

vector[N] x4; // predictor

vector[N] x5; // predictor

real<lower=0,upper=1> y[N]; // response

vector<lower=0>[N] x1_sigma; // sd around predictor

vector<lower=0>[N] x2_sigma; // sd around predictor

vector<lower=0>[N] x3_sigma; // sd around predictor

}

parameters {

vector[n_class] a_class_z; // class-level deviates

vector[n_order] a_order_z; // order-level deviates

vector[n_sp] a_sp_z; // species-level deviates

real b1; // coefficients

real b2;

real b3;

real b4;

real b5;

real mu_a; // global intercept

real<lower=0> sigma_a_order; // group-level standard deviations

real<lower=0> sigma_a_class;

real<lower=0> sigma_a_sp;

real<lower=0> phi; // dispersion parameter

vector[N] x1_true; // unobserved true predictor values

vector[N] x2_true;

vector[N] x3_true;

}

transformed parameters {

vector[n_class] a_class; // class-level deviates

vector[n_order] a_order; // order-level deviates

vector[n_sp] a_sp; // species-level deviates

vector[N] Xbeta; // linear predictor

vector<lower=0, upper=1>[N] mu; // transformed linear predictor

vector<lower=0>[N] A; // beta dist. parameter

vector<lower=0>[N] B; // beta dist. parameter

a_class = sigma_a_class * a_class_z;

a_order = sigma_a_order * a_order_z;

a_sp = sigma_a_sp * a_sp_z;
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for (i in 1:N) {

Xbeta[i] = mu_a + a_class[class_id[i]]

+ a_order[order_id[i]]

+ a_sp[sp_id[i]]

+ b1 * x1_true[i]

+ b2 * x2_true[i]

+ b3 * x3_true[i]

+ b4 * x4[i]

+ b5 * x5[i];

mu[i] = inv_logit(Xbeta[i]);

}

A = mu * phi;

B = (1.0 - mu) * phi;

}

model {

// group-level intercept distributions:

a_class_z ˜ normal(0, 1);

a_order_z ˜ normal(0, 1);

a_sp_z ˜ normal(0, 1);

// measurement error:

x1 ˜ normal(x1_true, x1_sigma);

x2 ˜ normal(x2_true, x2_sigma);

x3 ˜ normal(x3_true, x3_sigma);

// priors:

mu_a ˜ student_t(3, 0, 10);

phi ˜ student_t(3, 0, 25);

b1 ˜ student_t(3, 0, 2.5);

b2 ˜ student_t(3, 0, 2.5);

b3 ˜ student_t(3, 0, 2.5);

b4 ˜ student_t(3, 0, 2.5);

b5 ˜ student_t(3, 0, 2.5);

sigma_a_class ˜ student_t(3, 0, 2.5);

sigma_a_order ˜ student_t(3, 0, 2.5);

sigma_a_sp ˜ student_t(3, 0, 2.5);

// likelihood:

y ˜ beta(A, B);

}
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�e GPDD IDs used in our analysis.

1 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 44 45 46 47 58 61 64 1149 1150 1153 1157 1159 1160

1162 1163 1165 1166 1168 1169 1170 1173 1174 1177 1179 1184 1185 1188 1189 1190 1195 1196 1197

1199 1200 1201 1202 1203 1204 1205 1206 1217 1227 1228 1229 1233 1234 1235 1237 1238 1239 1240

1243 1244 1247 1342 1377 1522 1523 1524 1525 1534 1602 1613 1618 1633 1660 1663 1664 1667 1669

1670 1671 1674 1682 1683 1792 1826 1829 1830 1831 1865 1866 1868 1869 1870 1875 1876 1880 1881

1883 1885 1886 1887 1888 1893 1894 1927 1964 1965 1966 1968 1970 1971 1973 1974 1976 1981 1982

1983 1986 1987 1991 1992 1993 1994 1998 1999 2003 2004 2005 2006 2007 2012 2013 2015 2016 2017

2018 2019 2020 2024 2025 2026 2027 2028 2031 2032 2033 2034 2066 2721 2722 2726 2732 2735 2736

2757 2758 2759 2770 2771 2772 2774 2775 2777 2778 2781 2829 2844 2857 2867 2869 2887 2903 2915

2974 2976 2991 3001 3003 3017 3051 3056 3059 3068 3214 3216 3218 3233 3249 3251 3253 3260 3265

3283 3356 3358 3360 3378 3442 3466 3468 3470 3477 3482 3508 3521 3625 3627 3639 3664 3673 3676

3678 3680 3706 3708 3716 3774 3776 3784 3795 3799 3811 3827 3829 3838 3840 3853 3866 3882 5019

5020 5032 5034 5035 5039 6057 6144 6527 6528 6529 6530 6532 6533 6534 6535 6536 6537 6539 6541

6542 6547 6548 6549 6550 6553 6554 6555 6556 6558 6560 6561 6562 6564 6565 6567 6568 6569 6570

6581 6582 6583 6633 6673 6674 6675 6676 6677 6678 6681 6683 6684 6685 6686 6687 6688 6770 6865

6867 6868 6869 6870 6876 6882 6885 6889 6890 6902 6904 6917 6920 6921 6922 6939 6940 6973 7048

7052 7053 7054 7060 7061 7067 7088 7089 7091 7092 7093 7094 7098 7099 7101 7102 7115 7116 9191

9192 9194 9195 9196 9200 9211 9215 9216 9217 9218 9219 9220 9221 9222 9223 9224 9225 9232 9308

9309 9330 9331 9381 9382 9393 9436 9437 9438 9439 9440 9441 9442 9443 9444 9445 9446 9468 9469

9470 9472 9477 9486 9488 9489 9490 9491 9492 9500 9501 9502 9503 9506 9515 9517 9518 9519 9586

9587 9606 9611 9612 9639 9641 9642 9644 9646 9647 9648 9650 9652 9654 9655 9656 9657 9658 9659

9661 9662 9663 9665 9667 9668 9669 9672 9673 9674 9675 9676 9677 9678 9679 9680 9681 9682 9688

9689 9690 9691 9793 9794 9795 9796 9797 9835 9836 9893 9894 9895 9896 9897 9898 9899 9900 9901

9902 9903 9904 9905 9907 9919 9921 9932 9933 9934 9936 9938 9948 9949 9950 9951 9953 9990 9991

9993 9994 9995 9997 9998 9999 10000 10001 10002 10005 10006 10007 10008 10009 10010 10011 10012

10013 10029 10030 10031 10036 10039 10040 10041 10042 10044 10045 10046 10047 10048 10049 10050

10051 10053 10054 10055 10060 10061 10063 10065 10070 10071 10085 10088 10089 10090 10092 10093

10094 10096 10097 10098 10099 10100 10101 10110 10111 10112 10113 10114 10117 10118 10120 10121

10122 10123 10124 10125 10127 10128 10131 10134 10136 10137 10140 10141 10142 10143 10144 10145

10149 10153 10156 10158 10159 10160 10161 10162 10163 10164 10165 20527 20530 20532 20534 20535

20536 20537 20539 20540 20541 20542 20543 20544 20546 20547 20548 20549 20550 20551 20552 20553

20555 20577 20578 20579 20580 20581 20582 20583 20587 20626 20628 20634 20635 20636 20639 20649

20650 20651 20652 20653 20654 20655 20656 20657 20658 20659 20660 20662 20663
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